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THE STRUCTURE OF NILPOTENT LIE ALGEBRAS OF CLASS
TWO WITH DERIVED SUBALGEBRA OF DIMENSION TWO
FARANGIS JOHARI, AFSANEH SHAMSAKI, AND PEYMAN NIROOMAND
Abstract. In this paper, the structure of all finite-dimensional nilpotent Lie
algebras of class two with derived subalgebra of dimension two over an arbi-
trary field F is determined. Furthermore, we give the structure of the Schur
multiplier of such Lie algebras.
1. introduction
The classification of nilpotent Lie algebras is a classical problem. The answer to
this problem is not easy over an arbitrary field without putting any condition on
a nilpotent Lie algebra L. Sometimes it is possible to characterize the structure of
L when conditions are put on L. In [3], the structure of a nilpotent Lie algebra L
was given when dimL2 = 1. When dimL2 = 2 and L is nilpotent of class 3, the
structure of L was given in [6], and when dimL2 = 3 and L is nilpotent of class 4, the
structure of L was obtained in [7]. Also, the structure of capable finite-dimensional
nilpotent Lie algebras of class two with derived subalgebra of dimension two was
characterized in [5].
The purpose of this paper is to complete the classification of nilpotent Lie algebras
of class two with derived subalgebra of dimension two over an arbitrary field, using
the method from Hardy and Stitzinger in [1, 2]. Moreover, we give the structure of
the Schur multiplier of these Lie algebras.
It is known that from [5, Proposition 2.4 ], every finite-dimensional nilpotent Lie
algebra L of class two with dimL2 = 2 is descendants of smaller Lie algebrasH and
A where L = H ⊕ A for a nilpotent stem Lie algebra H of class two with derived
subalgebra of dimension two and an abelian Lie algebra A. Hence the classification
of a nilpotent Lie algebra L depends only on the structure of the nilpotent stem
Lie algebra H .
A Lie algebra H is called generalized Heisenberg of rank n if H2 = Z(H) and
dimH2 = n and a Lie algebra H is stem when Z(H) is a subset of H2. Clearly,
nilpotent stem Lie algebras of class two with derived subalgebra of dimension two
are equal to generalized Heisenberg Lie algebras of rank 2.
In [6, Theorems 2.7 and 3.1], the structure of n-dimensional generalized Heisenberg
Lie algebras of rank 2 over an arbitrary field for all n such that n ≤ 7 was obtained
as follow:
L5,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5〉,
L6,22(ε) = 〈x1, . . . , x6 | [x1, x2] = x5, [x1, x3] = x6, [x2, x4] = εx6, [x3, x4] = x5〉, ε ∈ F,
Key words and phrases. Schur multiplier; Nilpotent Lie algebra; Generalized Heisenberg Lie
algebras.
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L
(2)
6,7(η) = 〈x1, . . . , x6 | [x1, x2] = x5, [x1, x3] = x6, [x2, x4] = ηx6, [x3, x4] = x5 + x6〉
where η ∈ {0, ω},
L1 = 〈x1, . . . , x7|[x1, x2] = x6, [x1, x4] = x7 = [x3, x5]〉,
L2 = 〈x1, . . . , x7|[x1, x2] = x6 = [x3, x4], [x1, x5] = x7 = [x2, x3]〉.
2. Main results
In this section, we are going to obtain the structure of all n-dimensional nilpotent
Lie algebras of class two with derived subalgebra of dimension two for all n such
that n ≥ 8. Throughout this section, H(m) denotes the Heisenberg Lie algebra of
dimension 2m + 1, that is, a Lie algebra L with L2 = Z(L) and dimL2 = 1 and
A(n) is an n-dimensional abelian Lie algebra.
First, in the following theorem, we obtain the structure of all n-dimensional gen-
eralized Heisenberg Lie algebras of rank 2 over an arbitrary field F for all n such
that n ≥ 8.
Theorem 2.1. Let L be an n-dimensional generalized Heisenberg Lie algebra of
rank 2 over an arbitrary field F for all n such that n ≥ 8. Then L is isomorphic to
one of the following Lie algebras.
H1 = 〈xi, yi, z, z1 | [xi, yi] = z, [x1, x2] = z1, 1 ≤ i ≤ m〉 for all m such that m ≥ 3.
H2 = 〈xi, yi, z, z1, q | [xi, yi] = z, [q, x1] = z1, 1 ≤ i ≤ m〉 for all m such that m ≥ 3.
H3 = 〈xi, yi, z, z1, qj | [xi, yi] = z, [x1, x2] = [qj , xj+2] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k〉
for all k,m such that 2 ≤ k ≤ m− 2 and m ≥ 4.
H4 = 〈xi, yi, qj, z, z1 | [xi, yi] = z, [qj, xj ] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k〉
for all k,m such that 2 ≤ k ≤ m and m ≥ 2.
H5 = 〈xi, yi, qj , q
′
j , z, z1 | [xi, yi] = z, [x1, x2] = [qj , q
′
j ] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k1〉
for all k1,m such that m ≥ 2 and k1 ≥ 2.
H6 = 〈xi, yi, qj , q
′
j , pt, z, z1 | [xi, yi] = z, [x1, x2] = [qj , q
′
j ] = z1, [ps, xs+2] = z,
1 ≤ i ≤ m, 1 ≤ j ≤ k1, 1 ≤ t ≤ r〉
for all r,m, k1such that 1 ≤ r ≤ m− 2,m ≥ 4 and k1 ≥ 2.
H7 = 〈xi, yi, qj , q
′
j , pt, z, z1 | [xi, yi] = z, [qj, q
′
j ] = [pt, xt] = z1,
1 ≤ i ≤ m, 1 ≤ j ≤ k1, 1 ≤ t ≤ r〉
for all r,m, k1 such that 1 ≤ r ≤ m, m ≥ 2 and k1 ≥ 2.
H8 = 〈xi, yi, qj , q
′
j , z, z1 | [xi, yi] = z, [qj, q
′
j ] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k1〉
∼= H(m)⊕H(k1) for all k1,m such that k1 ≥ 2 and m ≥ 1.
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Proof. Let N be a one-dimensional central ideal of L contained in L2. Since L is of
nilpotency class two, L2 = Z(L) ∼= A(2) and dimL/N ≥ 7. Since dim(L/N)2 = 1,
[3, Lemma 3.3] implies L/N ∼= H(m)⊕A(k) for allm, k such thatm ≥ 1, k ≥ 0, and
(m, k) /∈ {(1, 0), (1, 1), (1, 2), (1, 3), (2, 0), (2, 1)}. We consider the following cases.
Case (i). If k = 0, then m ≥ 3 and so dimL = 2m+ 2 ≥ 8. Thus L/N ∼= H(m) =
〈xi, yi, z | [xi, yi] = z, 1 ≤ i ≤ m〉, in where xi = xi+N, yi = yi+N and z = z+N
for all i such that 1 ≤ i ≤ m. Put N = 〈z1〉. Then the set {xi, yi, z, z1|1 ≤ i ≤ m}
is a basis of L and
[xi, yi] = z + β
′
iiz1 for all i such that 1 ≤ i ≤ m and β
′
ii ∈ F,
[xr, ys] = αrsz1 for all r, s such that r 6= s, 1 ≤ r, s ≤ m and αrs ∈ F,
[xt, xt1 ] = α
′
tt1
z1 for all t, t1 such that 1 ≤ t, t1 ≤ m and α
′
t,t1
∈ F,
[yi1 , yj1 ] = βi1j1z1 for all i1, j1 such that 1 ≤ i1, j1 ≤ m and βi1j1 ∈ F.
Put z′ = z + β′iiz1. A change of a variable allows that β
′
ii = 0 for all i such that
1 ≤ i ≤ m. Since dimL2 = 2, without loss of generality, we may assume that
α′12 6= 0. Then [x1, x2] = α
′
12z1 6= 0. Now a change of variables x
′
i = α
′−1
12 xi,
y′i = α
′−1
12 yi, z
′
1 = α
′−1
12 z1 and z
′ = α−212 z and relabeling, we have
[x1, x2] = z1,
[xi, yi] = z for all i such that 1 ≤ i ≤ m,
[xt, xt1 ] = α
′
tt1
z1 for all t, t1 such that 1 ≤ t, t1 ≤ m, (t, t1) /∈ {(1, 2), (2, 1)}
and α′tt1 ∈ F,
[xr, ys] = αrsz1 for all r, s such that r 6= s, 1 ≤ r, s ≤ m, and αrs ∈ F,
[yi1 , yj1 ] = βi1j1z1 for all i1, j1 such that 1 ≤ i1, j1 ≤ m, and βi1j1 ∈ F.
By [3, Lemma 3.3], since dim(L/〈z〉)2 = 1, we get L/〈z〉 ∼= H(m′) ⊕ A(2m −
2m′). Let x be used to denote x + 〈z〉 for x ∈ L. Since [x1, x2] = z1, we ob-
tain [x1, xt1 ] = [x1, ys] = [x2, xt1 ] = [x2, ys] = 0 for all t1, s such that 1 ≤
t1, s ≤ m and t1, s /∈ {1, 2}. Hence α′1t1z1 = α1sz1 = α
′
2t1
z1 = α2sz1 = 0 and
so α′1t1z1, α1sz1, α
′
2t1z1, α2sz1 ∈ 〈z〉. Since z1 and z are elements of the basis,
〈z1〉∩〈z〉 = 0. Thus α
′
1t1 = α1s = α
′
2t1 = α2s = 0 for all s, t1 such that 1 ≤ t1, s ≤ m
and t1, s /∈ {1, 2}. Therefore [x1, xt1 ] = [x1, ys] = [x2, xt1 ] = [x2, ys] = 0 for all t1, s
such that 1 ≤ t1, s ≤ m and t1, s /∈ {1, 2}. We claim that [xr , ys] = 0 for all r, s such
that 3 ≤ r ≤ m, 1 ≤ s ≤ m and r 6= s. By contrary, assume that there is αr1s1 6= 0
for some r1, s1 such that 3 ≤ r1 ≤ m and 2 ≤ s1 ≤ m. Putting x
′
r1
= xr1 + αr1s1x1
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and y′s1 = ys1 − x2, we obtain that
[x1, x2] = z1,
[xs1 , y
′
s1
] = [x′r1 , yr1 ] = z, [xi, yi] = z for all i such that 1 ≤ i ≤ m and i /∈ {r1, s1},
[xt, xt1 ] = α
′
tt1
z1 for all t, t1 6= r1 such that 1 ≤ t, t1 ≤ m, (t, t1) /∈ {(1, 2), (2, 1)}
and α′tt1 ∈ F,
[xs, x
′
r1
] = α′sr1z1,
[x1, xr1 ] = α
′
1r1z1,
[x2, xr1 ] = α
′
2r1z1,
[xr, y
′
s1
] = −z1,
[y′i1 , yj1 ] = βi1j1z1 for all βi1j1 ∈ F and i1, j1 /∈ {s1, 2},
[y′s1 , y2] = βs12z1 − z,
[x′r1 , y1] = βz1 + αr1s1z.
Since L/〈z1〉 ∼= H(m) and [x1, y1] = z, we have [x′r1 , y1] = αr1s1z = 0 and so
αr1s1z ∈ 〈z1〉. Since z1 and z are elements of the basis, 〈z1〉 ∩ 〈z〉 = 〈0〉. Therefore
αr1s1 = 0. It is a contradiction. Hence [xr, ys] = 0 for all r, s such that 3 ≤ r ≤ m,
2 ≤ s ≤ m and r 6= s.
If s1 = 1, then a change of a variable y
′
1 = y1 − αr1yr shows that
[xr, y
′
1] = αr1z1 − αr1z,
[x1, y1] = [xr, y
′
1] = z,
[y′1, y2] = −z.
Since L/〈z1〉 ∼= H(m) and [x1, y1] = z, we have [xr, y′1] = αr1z = 0 and αr1 = 0.
It is a contradiction, hence [xr, y1] = 0. Therefore [xi, yj ] = 0 for all i, j such that
1 ≤ i, j ≤ m and i 6= j.
By a similar way, we can see that [yi1 , yj1 ] = [xr, xs] = 0 for all i1, j1, r, s such that
1 ≤ i1, j1, r, s ≤ m, and (r, s) /∈ {(1, 2), (2, 1)}. Thus
[xi, yi] = z for all i such that 1 ≤ i ≤ m, and [x1, x2] = z1.
Therefore L is isomorphic to
H1 = 〈xi, yi, z, z1 | [xi, yi] = z, [x1, x2] = z1, 1 ≤ i ≤ m〉.
Case (ii). If k = 1, then m ≥ 3 and so dimL = 2m + 3 > 8. Thus L/〈z1〉 ∼=
H(m) ⊕ A(1) = 〈xi, yi, z | [xi, yi] = z, 1 ≤ i ≤ m〉 ⊕ A(1). Put A(1) ∼= 〈q〉. Hence
the set {xi, yi, z, z1, q|1 ≤ i ≤ m} is a basis of L and
[xi, yj ] = αijz1 for all i, j such that i 6= j, 1 ≤ i, j ≤ m, and αij ∈ F,
[xt, xr] = α
′
rtz1 for all r, t such that 1 ≤ r, t ≤ m and α
′
rt ∈ F,
[yi1 , yj1 ] = βi1j1z1 for all i1, j1 such that 1 ≤ i1, j1 ≤ m and βi1j1 ∈ F,
[xi, yi] = z + β
′
iiz1 for all i such that 1 ≤ i ≤ m and β
′
ii ∈ F,
[q, xi] = αiz1 for all i such that 1 ≤ i ≤ m and αi ∈ F,
[q, yi] = α
′
iz1 for all i such that 1 ≤ i ≤ m and α
′
i ∈ F.
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In a similar way as the case (i), we can see that
[yi1 , yj1 ] = 0 for all i1, j1 such that 1 ≤ i1, j1 ≤ m,
[xt, xr] = 0 for all r, t such that 1 ≤ r, t ≤ m and (r, t) /∈ {(2, 1), (1, 2)},
[x1, x2] = α12z1,
[xi, yj ] = 0 for all i, j such that i 6= j, and 1 ≤ i, j ≤ m,
[xi, yi] = z for all i such that 1 ≤ i ≤ m,
[q, xi] = αiz1 for all i such that 1 ≤ i ≤ m and αi ∈ F,
[q, yi] = α
′
iz1 for all i such that 1 ≤ i ≤ m and α
′
i ∈ F.
Since q /∈ Z(L) = L2, there exists an element xi or yi for some i, 1 ≤ i ≤ m such
that [q, xi] 6= 0 or [q, yi] 6= 0. Without loss of generality, let [q, x1] = αz1 6= 0. Put
x′i = α
−1xi, y
′
i = α
−1yi, z
′ = α−2z and z′1 = α
−1z1 for all i such that 1 ≤ i ≤ m.
A change of variables allows that
[x′1, x
′
2] = α12α
−1z1,
[x′i, y
′
i] = z
′ for all i such that 1 ≤ i ≤ m,
[q, x′1] = z1,
[q, x′i] = α
−1αiz1,
[q, y′i] = α
−1α′iz1 for all i such that 1 ≤ i ≤ m.
By invoking [3, Lemma 3.3] and dimL = 2m+3, we get L/〈z′〉 ∼= H(m′)⊕A(2m−
2m′ + 1). Since [q, x1] = z1, we obtain [x1, x2] = [q, xr] = [q, yi] = 0 for all r, i such
that 1 ≤ r, i ≤ m and so α12α
−1 = αiα
−1 = α′iα
−1 = 0. Since α 6= 0, we get α12 =
αi = α
′
i = 0 for all i such that 1 ≤ i ≤ m. Hence, [x1, x2] = [q, xr] = [q, yi] = 0 for
all r, i such that 1 ≤ r, i ≤ m. Now by labelling z′ with z, L is isomorphic to
H2 = 〈xi, yi, q, z, z1 | [xi, yi] = z, [q, x1] = z1, 1 ≤ i ≤ m〉.
Case (iii). If k ≥ 2, then m ≥ 1. Now let m ≥ 2, we have dimL = 2m+ k + 2 ≥ 8.
Since L/〈z〉 ∼= H(m) ⊕ A(k), there exist two ideals L1/〈z〉 and L2/〈z〉 of L/〈z〉
where
L1/〈z〉 = 〈xi, yi, z1 | [xi, yi] = z1, 1 ≤ i ≤ m〉 ∼= H(m),
L2/〈z〉 ∼=
k⊕
j=1
〈(qj + 〈z〉)〉 ∼= A(k).
Hence the set {xi, yi, qj , z, z1|1 ≤ j ≤ k, 1 ≤ i ≤ m} is a basis of L and L
2
2 ⊆ 〈z〉.
Thus, we have two subcases.
Subcase (a). Since L22 = 0, L2 =
⊕k
j=1〈qj〉 ⊕ 〈z〉. By a similar way used in cases
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(i) and (ii), we have
[xi, yi] = z for all i such that 1 ≤ i ≤ m,
[x1, x2] = αz1 and α ∈ F,
[xi′ , ys] = 0 for all i
′, s such that 1 ≤ i′, s ≤ m and i′ 6= s,
[xt, xr] = 0 for all r, t such that 1 ≤ r, t ≤ m and (t, r) /∈ {(1, 2), (2, 1)},
[yi1 , ys1 ] = 0 for all i1, s1 such that 1 ≤ i1, s1 ≤ m,
[qj , xs′ ] = αjs′z1 for all j, s
′ such that 1 ≤ s′ ≤ m, 1 ≤ j ≤ k, and αjs′ ∈ F,
[qj , yi] = α
′
jiz1 for all i, j such that 1 ≤ i ≤ m, 1 ≤ j ≤ k, and α
′
ji ∈ F.
Now let [x1, x2] = αz1 6= 0. Put y
′
1 = y1 − α
′
s1x1 and y
′
2 = y2 − α
′
s2x1 for all s such
that 1 ≤ s ≤ k, we have
[y′1, y
′
2] = α
′
s2z, [x1, y
′
1] = [x2, y
′
2] = z, [x2, y
′
1] = α
′
s1z,
[qi, y
′
1] = αi1z1 − α
′
s1αi1z1, [qi, y
′
2] = αi2z1 − α
′
s2αi2z1.
Since L/〈z〉 ∼= H(m′)⊕ A(2m+ k − 2m′ + 1) and [x1, x2] = αz1 6= 0, αs1 = αs2 =
α′s1 = α
′
s2 = 0 for all s such that 1 ≤ s ≤ k. Thus [qs, x1] = [qs, y1] = [qs, x2] =
[qs, y2] = 0 for all s such that 1 ≤ s ≤ k. Since qs /∈ Z(L) = L
2 for all s such that
1 ≤ s ≤ k, there exists an element xi or yi for some i such that 3 ≤ i ≤ m and
[qs, xi] 6= 0 or [qs, yi] 6= 0 for all s such that 1 ≤ s ≤ k.
We conclude that 2 ≤ k ≤ 2m − 4. Without loss of generality, let [qs, xs+2] =
αsz1 6= 0 for all s such that 1 ≤ s ≤ m − 2 and [qs, ys−(m−4)] = αsz1 = 0 for all
m− 1 ≤ s ≤ 2m− 4. A change of a variable allows that αs = 1 for all s such that
1 ≤ s ≤ k ≤ 2m− 4.
If m− 1 ≤ k ≤ 2m− 4, then L is isomorphic to
〈xi, yi, qj , z, z1 | [xi, yi] = z, [x1, x2] = [qs, xs+2] = [qt, yt−(m−4)] = z1,
1 ≤ i ≤ m, 1 ≤ s ≤ m− 2,m− 1 ≤ t ≤ 2m− 4, 1 ≤ j ≤ k〉.
Put q′1 = q1 − qm−1 and x
′
3 = x3 − y3. We have [q
′
1, x
′
3] = 0, [q
′
1, y3] = −z1 and
[qm−1, y3] = z1. Since [q′1, y1] = [q1, y1] = z1 are relations of L/〈z〉
∼= H(m′′) ⊕ A,
we have a contradiction by looking relations of L/〈z〉 ∼= H(m′′) ⊕ A. Therefore
2 ≤ k ≤ m− 2, then L is isomorphic to
H3 = 〈xi, yi, qj , z, z1 | [xi, yi] = z, [x1, x2] = [qs, xs+2] = z1, 1 ≤ i ≤ m,
1 ≤ s ≤ k, 1 ≤ j ≤ k〉 for all k,m such that 2 ≤ k ≤ m− 2 and m ≥ 4.
Let [x1, x2] = 0. By a similar technique used in cases (i) and (ii), ifm+1 ≤ k ≤ 2m,
then we have a contradiction. One can check that for all k such that 2 ≤ k ≤ m, L
is isomorphic to
H4 = 〈xi, yi, qj , z, z1 | [xi, yi] = z, [qs, xs] = z1, 1 ≤ i ≤ m, 1 ≤ s ≤ k, 1 ≤ j ≤ k〉
for all k,m such that 2 ≤ k ≤ m and m ≥ 2.
Subcase (b). Since L22 = 〈z〉, and L2
∼= H(k1)⊕A(r), we have two subalgebras of
L such that L3 = 〈qi, q
′
i, z1 | [qi, q
′
i] = z1, 1 ≤ i ≤ k1〉
∼= H(k1) and L4 =
r⊕
i=0
〈pi〉 ∼=
A(r). By a similar way used in the subcase (a), one of the following cases should
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be occured.
(b-1). If [x1, x2] 6= 0 and r = 0, then L is isomorphic to
H5 = 〈xi, yi, qj , q
′
j , z, z1 | [xi, yi] = z, [x1, x2] = [qj , q
′
j ] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k1〉
for all k1 such that k1 ≥ 2.
(b-2). If [x1, x2] 6= 0 and 1 ≤ r ≤ m− 2, then L is isomorphic to
H6 = 〈xi, yi, qj , q
′
j , pt, z, z1 | [xi, yi] = z, [x1, x2] = [qj , q
′
j ] = z1,
[ps, xs+2] = z, 1 ≤ i ≤ m, 1 ≤ j ≤ k1, 1 ≤ t ≤ r〉.
(b-3). If [x1, x2] = 0 and r = 0, then L is isomorphic to
〈xi, yi, qj , q
′
j , z, z1 | [xi, yi] = z, [qj, q
′
j ] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k1〉
∼= H(m)⊕H(k1).(2.1)
(b-4). If [x1, x2] = 0 and 1 ≤ r ≤ m, then L is isomorphic to
H7 = 〈xi, yi, qj , q
′
j , pt, z, z1 | [xi, yi] = z, [qj, q
′
j ] = [pt, xt] = z1,
1 ≤ i ≤ m, 1 ≤ j ≤ k1, 1 ≤ t ≤ r〉.
Now let m = 1. Then i = 1 and k ≥ 4. If L2 is abelian, then [qj , q
′
j ] = 0 for all
j such that 1 ≤ j ≤ k. Since dimL ≥ 8, we have j ≥ 4. On the other hand since
qj /∈ Z(L) = L
2 for all j such that 1 ≤ j ≤ k, there exists an element x1 or y1 such
that [qj , x1] 6= 0 or [qj , y1] 6= 0 for all j such that 1 ≤ j ≤ k. Hence there is j for
some 1 ≤ j ≤ k such that qj ∈ Z(L). It is a contradiction. Thus this case does not
happen.
Let dimL22 = 1, then L2
∼= H(k1)⊕A(r).
Consider L3 = 〈qj , q
′
j , z1 | [qj , q
′
j ] = z1, 1 ≤ j ≤ k1〉
∼= H(k1), L4 =
r⊕
s=0
〈ps〉 ∼= A(r)
and 0 ≤ r ≤ m. Since m = 1, we have 0 ≤ r ≤ 1.
If r = 0, then L is isomorphic to
〈x1, y1, qi, q
′
i, z, z1 | [x1, y1] = z, [qi, q
′
i] = z1, 1 ≤ i ≤ k1〉
∼= H(1)⊕H(k1)(2.2)
for all k1 such that k1 ≥ 2.
The structures of (2.1) and (2.2) imply
H8 = 〈xi, yi, qj , q
′
j , z, z1 | [xi, yi] = z, [qj, q
′
j ] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k1〉
∼= H(m)⊕H(k1) for all k1,m such that k1 ≥ 2 and m ≥ 1.
If r = 1, then L is isomorphic to
〈x1, y1, qi, q
′
i, p1, z, z1 | [x1, y1] = z, [qi, q
′
i] = [p1, x1] = z1, 1 ≤ i ≤ k1〉.(2.3)
By considering a homomorphism that maps x1 7→ x1, y1 7→ y1, p1 7→ q, qi 7→ xi,
and q′i 7→ yi for all i such that i ≥ 4, the structures of (2.3) and H2 are isomorphic.
The result follows. 
Corollary 2.2. Let H be a generalized Heisenberg Lie algebra of rank 2 over an
arbitrary field. Then H is isomorphic to one of the Lie algebras L5,8, L6,22(ε),
L
(2)
6,7(η), L1, L2, or Hi for all i such that 1 ≤ i ≤ 8.
Proof. Using Theorem 2.1 and [6, Theorems 2.7 and 3.1], the result follows. 
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For a Lie algebra L, the concept epicenter Z∗(L) was introduced in [8]. The
importance of Z∗(L) is due to the fact that L is capable if and only if Z∗(L) = 0.
Another notion having relation to capability is the exterior center Z∧(L) of a Lie
algebra L. The exterior center Z∧(L) is the set of all elements l of L for which
l ∧ l′ = 0 for all l′ ∈ L. It is known that from [4, Lemma 3.1], Z∗(L) = Z∧(L). A
Lie algebra L is called unicenrtal if Z∧(L) = Z(L).
In the following theorem, we determine the exterior center of Hi for all i such that
1 ≤ i ≤ 8.
Theorem 2.3. Let H be an n-dimensional generalized Heisenberg Lie algebra of
rank 2 over an arbitrary field F for all n such that n ≥ 8. Then
(i) H is unicentral if and only if H is isomorphic to one of the Lie algebras
H3, H4, H5, H6, H7, or H8 = H(m)⊕H(k1) for all k1,m such that k1 ≥ 2
and m ≥ 2,
(ii) Z∧(H) ∼= A(1) if and only if H is isomorphic to one of the Lie algebras
H1, H2, or H8 = H(1)⊕H(k1) for all k1 such that k1 ≥ 2.
Proof. Assume that H is isomorphic to
H3 = 〈xi, yi, z, z1, qj | [xi, yi] = z, [x1, x2] = [qj , xj+2] = z1, 1 ≤ i ≤ m, 1 ≤ j ≤ k〉
for all k,m such that 2 ≤ k ≤ m− 2 and m ≥ 3. We claim that Z∧(H3) = H
2
3 . For
all i, j, such that i 6= j, 1 ≤ i, j ≤ m, and (i, j) 6= (1, 2), we have
xi ∧ z = xi ∧ [xj , yj] = [xi, yj ] ∧ xj − [xi, xj ] ∧ yj = 0,
yi ∧ z = yi ∧ [xj , yj ] = [yi, yj ] ∧ xj − [yi, xj ] ∧ yj = 0,
qj ∧ z = qj ∧ [x1, y1] = [qj , y1] ∧ x1 − [qj , x1] ∧ y1 = 0 for all j such that 1 ≤ j ≤ k,
and
x1 ∧ z1 = x1 ∧ [q1, x3] = [x1, q1] ∧ x3 − [x1, x3] ∧ q1 = 0,
x2 ∧ z1 = x2 ∧ [q1, x3] = [x2, q1] ∧ x3 − [x2, x3] ∧ q1 = 0,
y1 ∧ z1 = y1 ∧ [q1, x3] = [y1, q1] ∧ x3 − [y1, x3] ∧ q1 = 0,
y2 ∧ z1 = y2 ∧ [q1, x3] = [y2, q1] ∧ x3 − [y2, x3] ∧ q1 = 0,
xt ∧ z1 = [xt, x1] ∧ x2 − [xt, x2] ∧ x1 = 0 for all t such that 3 ≤ t ≤ m,
yt ∧ z1 = [yt, x1] ∧ x2 − [yt, x2] ∧ x1 = 0 for all t such that 3 ≤ t ≤ m,
qj ∧ z1 = [qj , x1] ∧ x2 − [qj , x2] ∧ x1 = 0 for all r such that 1 ≤ j ≤ k,
z ∧ z1 = 0.
Hence z and z1 are in Z
∧(H3) and so Z
∧(H3) = Z(H3) = H
2
3 . Therefore H3 is
unicentral. By a similar way, H3, H4, H5, H6, H7, and H8 = H(m) ⊕ H(k1) for
all k1,m such that k1 ≥ 2 and m ≥ 2 are unicentral. Also, we can obtain that
Z∧(H8) = Z
∧(H(1) ⊕ H(k1)) = 〈z〉 for all k1 such that k1 ≥ 2 and Z
∧(H1) =
Z∧(H2) = 〈z〉. The proof is completed. 
The Schur multiplier of a Lie algebra L was defined asM(L) ∼= (R∩F 2)/[R,F ]
such that L ∼= F/R for a free Lie algebra F. The reader can find more information
in [1, 2, 3, 8]. Following corollaries and [1, Theorem 1] enable us to compute the
Schur multiplier of nilpotent Lie algebras of class two with derived subalgebra of
dimension two.
Let H be a generalized Heisenberg Lie algebra of rank 2. Then Proposition 3.1 of [3]
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shows that dimM(H) = 12 (n− 3)(n− 2)− 2 when Z
∧(H) = H2 and dimM(H) =
1
2 (n − 1)(n − 4) + 1 when Z
∧(H) ∼= A(1). In the following corollary, the Schur
multiplier of Hi for all i such that 1 ≤ i ≤ 8 are computed.
Corollary 2.4. Let Hi be an n-dimensional generalized Heisenberg Lie algebra of
rank 2 over an arbitrary field F for all n, i such that n ≥ 8 and 1 ≤ i ≤ 8. Then
(i). M(H1) ∼=M(H2) ∼= A(
1
2 (n− 1)(n− 4) + 1),
(ii). M(H8) ∼= M(H(1) ⊕H(k)) ∼= A(
1
2 (n − 1)(n − 4) + 1) for all k such that
k ≥ 2,
(iii). M(Hi) ∼= A(
1
2 (n− 3)(n− 2)− 2) for all i such that 3 ≤ i ≤ 7,
(iv). M(H8) ∼=M(H(m)⊕H(k1)) ∼= A(
1
2 (n− 3)(n− 2)− 2) for all k1,m such
that k1 ≥ 2 and m ≥ 2.
Proof. The proof is similar to [3, Proposition 3.1]. 
In the following corollary, we obtain the structure of all nilpotent Lie algebras
of class two over an arbitrary field with derived subalgebra of dimension two.
Corollary 2.5. Let L be an n-dimensional nilpotent Lie algebra of class two over
an arbitrary field F with derived subalgebra of dimension two. Then L is isomorphic
to one of the following Lie algebras.
(i). L5,8 ⊕A(n− 5),
(ii). L6,22(ε)⊕A(n− 6),
(iii). L
(2)
6,7(η)⊕A(n− 6),
(iv). L1 ⊕A(n− 7),
(v). L2 ⊕A(n− 7),
(vi). Hi ⊕A(n− t) for all i, t such that 1 ≤ i ≤ 8, and t ≥ 8.
Proof. The result follows from [6, Theorems 2.7 and 3.1], Theorem 2.1 and [5,
Proposition 2.4 ]. 
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